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Abstract. Recent blazar observations provide growing evidence for the presence of magnetic
fields in the extragalactic regions. While a natural speculation is to associate the produc-
tion to inflationary physics, it has been known that magnetogenesis solely from inflation is
quite challenging. We therefore study a model in which a non-inflaton field χ coupled to the
electromagnetic field through its kinetic term, −I2(χ)F 2/4, continues to move after infla-
tion until the completion of reheating. This leads to a post-inflationary amplification of the
electromagnetic field. We compute all the relevant contributions to the curvature perturba-
tion, including gravitational interactions, and impose the constraints from the CMB scalar
fluctuations on the strength of magnetic fields. We, for the first time, explicitly verify both
the backreaction and CMB constraints in a simple yet successful magnetogenesis scenario
without invoking a dedicated low-scale inflationary model in the weak-coupling regime of the
kinetic coupling model.
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1 Introduction
Observations have revealed that our universe is magnetized on various different scales. One
of the most intriguing scales is the largest one. It is known that galaxies and their clusters
have their own magnetic fields with the typical strength O(10−6)G. However, their origin is
a long-term open question. Furthermore, the multi-frequency blazar observation implies that
the magnetic fields which are not associated with galaxies or clusters do exist [1–7]. They are
called extragalactic magnetic fields (EGMF) or void magnetic fields, and their strength are
estimated to be no less than O(10−15)G [5].1 EGMF may also indicate that the galaxy and
cluster magnetic fields have a cosmological origin. Nevertheless, it is difficult even to find a
hypothetical scenario which explains the origin of EGMF in a consistent and quantitative way
without fine tuning, and thus EGMF has attracted attention as a unique arena of theoretical
cosmology and astrophysics (for recent review see [8–10]). The blazar observations put the
1 The value of the lower bound on the EGMF strength varies by one or two orders of magnitude (roughly
O(10−17)−O(10−15) depending on assumptions in the analysis, such as the energy spectrum and time variation
of the source. In this paper, we aim at generation of more sufficient, i.e. larger, magnetic fields and consider
the upper value, O(10−15)G.
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lower bound not on the strength of EGMF itself but on the following effective strength of
EGMF [11, 12], i.e.,
Beff & 10
−15G (1.1)
with
B2eff(ηnow) ≡
∫ kdiff
0
dk
k
F (kL)PB(ηnow, k), (1.2)
F (z) ≡ 3
2
z−2
[
cos(z)− sin(z)
z
+ zSi(z)
]
. (1.3)
Here PB(ηnow, k) is the power spectrum of EGMF at present, Si(z) denotes the sine integral
function, k−1diff ∼ 100AU is the wave number corresponding to the present cosmic diffusion
length, and L ≃ 1Mpc stands for the characteristic length scale for energy losses of charged
particles due to inverse Compton scattering. Since F (kL) ∝ k−1 for k & L−1 and it suppresses
the contribution from smaller scales than L, it is favorable to produce large-scale magnetic
fields to explain the blazar observation.
The magnetic fields present in the line of sight of the blazar photons are in the extra-
galactic regions, and hence astrophysical processes are hardly responsible for their generation.
A compelling possibility is to attribute them to a cosmological origin. There have been dedi-
cated studies on several different mechanisms to produce large-scale magnetic fields in those
regions. As a small subset of examples, collision of bubbles created at a phase transition
in the early universe, such as QCD and electroweak, can produce magnetic fields [13, 14].
A concrete model that quantitatively account for the blazar observations is, however, not
yet well established. Also by the second-order perturbation theory in the plasma, the effec-
tive difference in the motion of charged particles can induce magnetic fields in cosmological
scales [15, 16]. Quantitative studies have shown that the effective magnetic strength from
the second-order effects does not reach the observed value.
Inflationary magnetogenesis, i.e. the generation of magnetic fields during inflation, has
been intensively investigated [17–32].2 This is because large-scale structures are believed to
be seeded in the inflationary era and the idea is naturally extended to explore the similar
possibility for magnetic fields on large scales. The most well-studied model of inflationary
magnetogenesis is the kinetic coupling model (a.k.a. I2FF model) proposed by Ratra [18].
In this model, a rolling scalar field is coupled with the kinetic term of the gauge field, and
the energy density of the scalar field is transferred to the electromagnetic sector. Another
model in which a rolling pseudo-scalar field drives magnetogenesis is also well studied [19,
23, 25, 27, 31]. Although quite a few models have been proposed and explored so far, each of
them has to face all of the following problems [11, 36–42]: (i) The backreaction problem: the
energy density of the generated electromagnetic fields must not exceed the inflaton energy
density during inflation. (ii) The strong coupling problem: the effective coupling constant
between the gauge field and charged fermions should be small to verify the perturbative
calculation. (iii) The curvature perturbation problem: the curvature perturbation induced by
the electromagnetic fields must be consistent with CMB observations. It has been pointed
out that imposing the conditions to resolve these issues (i)-(iii) is quite challenging and
that primordial magnetogenesis solely from inflation at least requires a dedicated low-energy
2Magnetogenesis in bouncing universe scenarios is considered in [33–35].
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inflationary model, whose energy scale is close to the threshold of Big Bang nucleosynthesis
(BBN) [39, 40].
In this paper, we consider a magnetogenesis scenario in the framework of the kinetic
coupling model. To overcome the above three problems, we extend the original model in the
following way. In the original paper, the scalar field coupled with the electromagnetism is
the inflation. Furthermore, it has been often assumed that the kinetic function I which is
multiplied by the kinetic term of the gauge field FµνF
µν is just a simple power-law function of
the scale factor, namely I(t) ∝ a−n, and it varies only during inflation.3 However, provided
that the kinetic function I is driven by a spectator scalar field which is not the inflaton, it is
quite natural that I continues to vary after inflation ends. Thus we assume that I varies until
reheating is completed.4 Moreover, we also consider that I starts varying after perturbations
with the wave numbers corresponding to the CMB scales exit the horizon to optimize the
scenario for magnetogenesis.
In our scenario, since the kinetic coupling is always no less than unity, I ≥ 1, we do not
have to be concerned with the strong coupling problem.5 Yet, we need to properly analyze the
perturbations of the fields to address the other two problems. We obtain the exact solution
of the gauge field and rigourously estimate its energy density and the curvature perturbation
induced by it. Furthermore, the curvature perturbation is also produced from the scalar
field perturbations which are sourced by the electromagnetic fields through both the direct
coupling and the gravitational interactions. We calculate all of the leading-order contributions
and find the constraints on the produced magnetic fields. Our result shows that the magnetic
fields generated in our scenario can be strong enough to explain the observational value.
This paper is organized as follows. In sec. 2, we explain the setup of our scenario,
calculate the evolution of the electromagnetic fields, and obtain the magnetic power spec-
trum at present. In sec. 3, the constraints from the backreaction and the induced curvature
perturbation are derived. We also make a comment on the interaction between the electro-
magnetic fields and charged particles. In sec. 4, the results of this paper are shown. Section
5 is devoted to the conclusion. In appendices, the explicit derivation and expressions of
the exact solution of the electromagnetic fields are shown, and the calculation of curvature
perturbation is described.
2 Magnetogenesis
2.1 Model setup
We consider the kinetic coupling model with the following action:
S =
∫
d4x
√−g
[
M2Pl
2
R− 1
2
(∂φ)2 − V (φ) − 1
2
(∂χ)2 − U(χ)− 1
4
I2(χ)FµνF
µν
]
, (2.1)
where φ is the inflaton, χ is a spectator scalar field which drives the kinetic function I(χ),
Fµν ≡ ∂µAν − ∂νAµ, Aµ is the U(1) gauge field associated to the electromagnetism, namely
3The reader should be referred to some important exceptional works [22, 26, 28].
4Clearly, the spectator field responsible for the time dependence of I does not necessarily decay at the same
time as the inflaton, which is the dominant energy content at the time and drives reheating. We simply impose
their simultaneous decay as an additional assumption, in order to reduce the number of model parameters.
5A recent study [30] considers an opposite regime, i.e. I ≤ 1 during inflation, while keeping weak couplings
to fermions by introducing a coupling function in the fermion sector as well and by explicitly breaking the
U(1) gauge invariance.
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Figure 1. The behavior of I(a) given in eq. (2.2).
the photon, and R and MPl are the Ricci scalar and the reduced Planck mass, respectively.
The energy of the background χ field is transferred to the electromagnetic fields through the
kinetic coupling, I2FF , and thus the electromagnetic fields are generated in this model. In
this paper, we assume that the inflaton oscillation after inflation can be well approximated
by the one with a quadratic potential, while we let the explicit forms of V (φ) during inflation
and U(χ) unspecified and assume simple time evolution of the background universe and of
I(χ).
We consider the quasi-de Sitter expansion during inflation (i.e. Hinf ≈ const. and
η = −1/aHinf where a, H and η are the scale factor, Hubble parameter and conformal
time, respectively), and the expansion of the matter-dominated universe, ρφ ∝ a−3 and
η = 2/aH ∝ a1/2, during the inflaton oscillating phase between the end of inflation and the
completion of reheating. We impose that the χ field is in a perturbative regime, and such
time dependence is driven by the homogeneous vacuum expectation value of χ, i.e. I(χ) ≈
I(〈χ〉) = I(a). We assume that I is constant at the beginning, starts varying at a certain
time during inflation and ceases to evolve at the completion of reheating. Without loss of
generality, we set I = 1 when it stops. While it is natural for χ and thus I(χ) to evolve
after inflation as χ is not the inflaton but a spectator field, they could have different time
dependences during and after inflation and could stop varying at an arbitrary time. We place
additional assumptions that I ∝ a−n both during and after inflation and χ decays at the time
of reheating, simply to reduce the number of model parameters. In summary, the behaviors
of the background expansion and the kinetic function I are given by
η =
{−1/aHinf (a < ae)
2/aH (ae < a < ar)
, I(a) =


(ai/ar)
−n ≡ Ii (a < ai)
(a/ar)
−n (ai < a < ar)
1 (ar < a)
, (2.2)
where ai, ae and ar denote the values of scale factor a when I(a) starts varying, inflation
ends and reheating completes, respectively. Fig. 1 illustrates this behavior of I. Since we
discuss only the case with n > 5/2, for the reason mentioned in Subsection 2.3, I(a) is always
larger than unity and hence our scenario is free from the strong coupling problem, namely
the effective electromagnetic coupling strength e/I < e at all times.
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2.2 Electromagnetic spectra
Using the background evolution of the universe and the time dependence of I(a) given in the
previous subsection, we compute the power spectra of the generated electromagnetic fields.
To formulate them, we take the Coulomb gauge, giving A0 = ∂iAi = 0, and expand the
transverse part of Ai with the polarization vector ǫ
(λ)
i and the creation/annihilation operator
a
†(λ)
k
/a
(λ)
k
as 6
Ai(η,x) =
2∑
λ=1
∫
d3k
(2π)3
eik·x
[
ǫ
(λ)
i (kˆ) a
(λ)
k
Ak(η) + h.c.
]
, (2.3)
where the hat of kˆ denotes the unit vector, (λ) is the polarization label and Ak(η) is the
mode function. Note that the mode function Ak(η) carries no polarization index (λ) since
the production mechanism in this model does not distinguish different polarization states.
The spectra of electric and magnetic fields are then given by
PE(η, k) ≡ k
3I2
π2a4
|∂ηAk|2 , PB(η, k) ≡ k
5I2
π2a4
|Ak|2 , (2.4)
respectively. The equation of motion for the mode function is[
∂2η + k
2 − ∂
2
ηI
I
]
(IAk) = 0 . (2.5)
From eq. (2.2), it reads[
∂2η + k
2
]
(IiAk) = 0 , (a < ai) (2.6)[
∂2η + k
2 − n(n− 1)
η2
]
(IAinfk ) = 0 , (ai < a < ae) (2.7)[
∂2η + k
2 − 2n(2n + 1)
η2
]
(IAosck ) = 0, (ae < a < ar) (2.8)
where the superscripts “inf” and “osc” denote quantities during inflation and the inflaton os-
cillating phase, respectively. Provided that the initial condition is given by the Bunch-Davies
vacuum state, IAk(a < ai) = e−ikη/
√
2k, one can solve IAk(a > ai) by using the general
solutions of above equations and the junction conditions between them. Then substituting
the mode function into eq. (2.4), one obtains the electromagnetic power spectra. Here we
show only the super-horizon asymptotic forms of the spectra, while their derivation and exact
expressions are shown in appendix A:
P infE (k, η)
|kη|≪1−−−−→ 2
2n+1
π4
Γ2(n + 1/2)|C2(−kηi)|2H4inf |kη|4−2n, (2.9)
P infB (k, η)
|kη|≪1−−−−→ 2
2n−1
π4
Γ2(n − 1/2)|C2(−kηi)|2H4inf |kη|6−2n, (2.10)
PoscE (k, η)
|kη|≪1−−−−→ 2
2n+1
π4
Γ2(n + 1/2)|C2(−kηi)|2H4inf
(
k
aeHinf
)4−2n ( a
ae
)2n−4
, (2.11)
PoscB (k, η)
|kη|≪1−−−−→ 2
2n+3
π4
Γ2(n+ 1/2)
(4n + 1)2
|C2(−kηi)|2H4inf
(
k
aeHinf
)6−2n( a
ae
)2n−3
, (2.12)
6The polarization vector ǫ
(λ)
i satisfies kiǫ
(λ)
i (kˆ) = 0 and
∑2
p=1 ǫ
(λ)
i (kˆ)ǫ
(λ)
j (−kˆ) = δij − (kˆ)i(kˆ)j , and the
creation/annihilation operators satisfy the commutation relation, [a
(λ)
p , a
†(σ)
−q ] = (2π)
3δ(p+ q)δλσ.
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Figure 2. (Left panel) The electromagnetic spectra during inflation. The horizontal axis denotes
K ≡ |kηi|, and we set n = 3.5. PE (red lines) and PB (blue lines) normalized by H4inf are shown
for ln(a/ai) = 1, 10, 20 from transparent to opaque. The sub-horizon modes are shown as the dotted
lines. (Right panel) The electromagnetic spectra during the inflaton oscillating phase. We set
n = 3.5 and Ni ≡ ln(ae/ai) ≈ 22. PE (red lines) and PB (blue lines) are shown for ln(a/ae) = 1, 5, 10
from transparent to opaque. One can see that the sub-horizon modes oscillate and damp, while the
super-horizon ones continue to grow. The modes which did not exit the horizon during inflation and
thus are unphysical are shown as the dotted line.
where C2(x) and its asymptotic expressions are given by
C2(x) =
iπ
2
√
2
√
x
[
Jn−1/2(x)− iJn+1/2(x)
]
. (2.13)
C2(x)
x≪1−−−→ iπ
2Γ(n + 1/2)
∣∣∣x
2
∣∣∣n , (2.14)
C2(x)
x≫1−−−→ i
√
π
2
ei(−x+
npi
2 ) . (2.15)
We have also introduced ηi ≡ −1/aiHinf , which is the conformal time when I starts varying.
In fig. 2, we show the electromagnetic power spectra, PE and PB , normalized by H4inf for
n = 3.5 during inflation (left panel) and during the inflaton oscillating phase (right panel).
In fig. 3, the time evolution of these spectra and their ratio are plotted.7 The features of the
generation of the electromagnetic fields in our scenario are threefold:
(i) Post-inflationary amplification: In our scenario, it is assumed that I continues to vary
after inflation ends. This is quite natural if the χ field that drives I is not the inflaton.
As a result, the electromagnetic fields continue to grow even after inflation. Comparing
eqs. (2.9)-(2.12), one finds the amplification factors are
PoscE (η)
P infE (ηe)
≃
(
a
ae
)2n−4
,
PoscB (η)
P infB (ηe)
≃
(
a
ae
)2n−3
, (|kη| ≪ 1, a≫ ae). (2.16)
They can be substantial amplification for n > 2. Indeed, a massive increase can be seen
in fig. 2 and fig. 3. Furthermore, considering that the total energy density decreases
in proportional to a−3 for ae < a < ar, and without varying I the magnetic power
spectrum would decrease as a−4 after inflation, one recognizes that this amplification
is very effective for magnetogenesis. At the same time, however, one may wonder if
7In fig. 2 and fig. 3, we use the exact solutions in eqs. (A.12)-(A.15), instead of the approximated ones.
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Figure 3. (Left panel) The time evolution of the electric spectrum PE (red line) and the magnetic
spectrum PB (blue line). We set n = 3.5, Ni ≡ ln(ae/ai) ≈ 22, and K ≡ |kηi| = 4 which corresponds
to the peak scale of PE and PB. The horizontal axis denotes the e-folding number N ≡ ln(a/ae) and
inflation ends at N = 0. (Right panel) The ratio between the magnetic and electric power spectrum,
PB/PE. The parameters are the same as the left panel. The ratio decreases during inflation, but it
increases after inflation.
such a substantial amplification leads to large electric fields which may cause strong
backreaction, spoiling the background evolution, or too large curvature perturbation
inconsistent with observations. These issues are addressed in the following two points
and are discussed in detail in Section 3.
(ii) IR suppression due to the sudden onset of the varying of I: As one can see in fig. 2, the
spectra are suppressed on larger scales than k ∼ ki ≡ |ηi|−1. By substituting eq. (2.14)
into eqs. (2.9)-(2.12), we obtain
PE ∝ k4, PB ∝ k6, (|kηi| ≪ 1) , (2.17)
during both inflation and the inflaton oscillating phase. In fact, it is advantageous to
make the electric power spectrum suppressed on larger scales in order to evade the
back reaction and the curvature perturbation problems. It is known that in the kinetic
coupling model, if one tries to obtain sufficiently strong magnetic fields on large scales,
the electric spectrum should be red-tilted and has a huge amplitude at the IR-cutoff,
which corresponds to the mode that crosses horizon at the onset of inflation [36]. Then
the electric fields cause the problems [37, 38].8 In our scenario, however, even if the
electric fields have a red-tilted spectrum, the IR cut-off around k ∼ ki prevents that
PE becomes huge on larger scales [26]. In particular, one can expect that our scenario
avoids constraints from the CMB observations if the peak scale k−1i is much smaller
than the CMB scale.
(iii) Reduction of the hierarchy between the electric and magnetic fields: As one sees in figs. 2
and 3, on super-horizon scales the electric fields are always stronger than the magnetic
fields. This is generically true in cases where the gauge mode function is proportional
to the power-law of the conformal time, Ak ∝ ηs on super-horizon scales (in our case,
s = 1 − 2n during inflation and s = 1 + 4n during the inflaton oscillating phase). In
8Magnetic fields are always subdominant to electric fields in the scenario where red-tilted magnetic spectra
are achieved within the regime free of the strong coupling problem. Thus the backreaction and observational
constraints are imposed on the electric field energy.
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that case, from the definition of the power spectra eq. (2.4), one finds
PB(k, η)
PE(k, η) =
k2|Ak|2
|∂ηAk|2 ∝ |kη|
2 ∝
{
a−2, (inflation)
a, (oscillation)
. (2.18)
Since |kη| ≪ 1 on super-horizon scales, we always have PB ≪ PE . It should be noted
that the hierarchy between PE and PB simply depends on how the scale of the mode
is bigger than the horizon scale. Therefore during inflation the hierarchy widens, while
it is reduced during the inflaton oscillating phase. This behavior is clearly seen in
fig. 3. In other words, the magnetic fields grow faster than the electric fields during the
inflaton oscillating phase (see eq. (2.16)), but the opposite is true during inflation.
Since the energy density of the electromagnetic fields is dominated by the electric
fields, the constraints coming from the back reaction and the curvature perturbation
problem are put on PE . Consequently, stronger constraints are put on PB because
the magnetic fields should be smaller than the electric fields on super-horizon scales
by the hierarchical factor, eq. (2.18). This is the reason why generated magnetic fields
are severely constrained in conventional inflationary magnetogenesis. Nevertheless, in
our scenario, the hierarchy is reduced by many orders of magnitude during the inflaton
oscillating phase (see fig. 3). Therefore the constraints on the magnetic fields are
substantially relaxed.9
2.3 The strength of the magnetic field at present
Let us compute the strength of the produced magnetic field at present and its effective
amplitude Beff to compare the prediction of the model with the blazar observation. Since
the produced magnetic fields evolve adiabatically after I becomes constant at the time of
reheating,10 we can obtain the magnetic power spectrum at present by multiplying PoscB (ηr)
in eq. (2.12) by a4r, with the scale factor normalized by its present value:
PB(ηnow) =
22n+3Γ2(n + 12 )
9π4(4n+ 1)2
a4rρ
2
inf
M4Pl
∣∣∣∣C2
(
k
ki
) ∣∣∣∣
2
e2(n−3)Nk+(2n−3)Nr , (|kηr| ≪ 1). (2.19)
9By considering very low energy inflation, it is possible to make the hierarchy between PE and PB small
without the post-inflationary amplification. In this case, however, the curvature perturbation constraint is
sensitive to the inflationary dynamics. Hence we do not explore this possibility in this paper.
10If the produced magnetic field is strong enough to satisfy B0 > 10
−14G(λ0/1pc), it is possibly processed
by the turbulent plasma and its evolution can be modified from the adiabatic evolution [9]. In this paper,
however, we focus on the case where the plasma effect is insignificant, and indeed it is the case for the fiducial
value in eq. (4.3).
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Here Nk and Nr represent the e-folding number between the horizon crossing of the k mode
and the end of inflation, and that of the inflaton oscillating phase, respectively;
Nr = ln
(
ar
ae
)
=
1
3
ln
(
H2inf
H2r
)
=
1
3
ln
(
ρinf
pi2
30 g∗T
4
r
)
≈ 29.5 + 4
3
ln
(
ρ
1/4
inf
1010GeV
)
− 4
3
ln
(
Tr
1GeV
)
− 1
3
ln
( g∗
100
)
, (2.20)
Nk = ln
(
aeHinf
k
)
= ln
(
are
−Nrρ
1/2
inf√
3MPlk
)
≈ 31.4 + 2
3
ln
(
ρ
1/4
inf
1010GeV
)
+
1
3
ln
(
Tr
1GeV
)
− ln
(
k
1Mpc−1
)
, (2.21)
where Tr and g∗ are the temperature and the number of degree of freedom, respectively, at
the time of reheating. We have also used the equation of the entropy conservation,
ar =
(
g∗s(TCMB)
g∗s(Tr)
) 1
3 TCMB
Tr
≈ 8.0× 10−14
(
Tr
1GeV
)−1 ( g∗
100
)−1/3
, (2.22)
where TCMB is the CMB temperature and g∗s is the number of degree of freedom for entropy
which is assumed to equal to g∗ at reheating.
Substituting eqs. (2.20)-(2.22) into eq. (2.19), we obtain the magnetic power spectrum at
present. One may be tempted to make an immediate comparison with the result of the blazar
observations, which actually has been done in some of the literature. However, it should be
stressed that what is measured in the blazar observations is not PB but B2eff , defined in
eq. (1.2). Therefore we should further substitute the obtained PB(ηnow) into eq. (1.2) and
compute the effective strength of the magnetic fields. We then obtain
B2eff(ηnow) =2× 102G2
22n e121.8(n−2.5) Γ2
(
n+ 12
)
(4n + 1)2
Hn(ki)
( g∗
100
)− 2n+1
3
×
(
ρ
1/4
inf
1010GeV
)4n(
Tr
1GeV
)−2(n+1)( L
1Mpc
)2n−6
, (2.23)
where L ≃ 1Mpc corresponds to the characteristic length scale for energy losses of charged
particles due to inverse Compton scattering, and
Hn(ki) ≡
∫ kdiff
0
dk
k
F (kL)
∣∣∣∣C2
(
k
ki
) ∣∣∣∣
2
(kL)2(3−n) , (2.24)
≃ (kiL)5−2n exp
(
8.404 − 2.226n − 0.1947n2) , (2.25)
where C2 is defined in eq. (2.13). The last approximate expression (2.25) which is obtained
by fitting the numerical result of (2.24) is available in the case with kiL & 1 and 3 ≤ n ≤ 8.
This fit is quite good with error ∼ 1% in this case but not particularly so for kiL ≪ 1 or
2.5 ≤ n ≤ 3. Therefore the exponential factor in (2.25) that depends only on n is mainly for
an illustrative purpose, and we use the exact calculation (2.24) for later analyses; however it
is worth noting that the ki dependence, Hn ∝ k5−2ni , is quite accurate for kiL & 1 even in
– 9 –
Figure 4. (Left panel) The integrand ofHn defined in eq. (2.24). Solid lines are for k
−1
i = L = 1Mpc
and n = 2.1, 2.5, 3 and 4 from top to bottom. The dashed and dotdashed lines are for kiL = 10, 100,
respectively, with n = 3. One can see that the main contribution to B2
eff
comes from k ∼ ki for
n > 2.5. However, for n < 2.5, the contribution from smaller scales is dominant and Beff depends on
the cutoff scale, kdiff . (Right panel) The numerically evaluated Hn for n > 2.5. The lines correspond
to kiL = 1, 10, 100 and 1000 from top to bottom. Hn shows the logarithmic divergence for n = 2.5.
2.5 ≤ n ≤ 3. In fig. 4, we show numerically evaluated Hn and its integrand. It can be seen
that for n < 5/2 the contribution from small scales is dominant and hence Hn depends on the
small scale cutoff kdiff . This is simply because the magnetic power spectrum is blue-tilted
for n < 3 (see eq. (2.12)) and F (kL) ∝ (kL)−1 for kL & 1 (see eq. (1.3)). Therefore we
concentrate on cases with n > 2.5 henceforth.
3 Constraints
We have obtained eq. (2.23) as the magnetic field strength effective for blazar observations
in our scenario of the model (2.1). This result should be taken under computational and
observational consistencies. In our calculations in the previous sections, we have assumed
that the energy density of the produced electromagnetic field does not alter the background
evolution to a significant level. We thus have to impose this condition with the obtained
result. Moreover, the produced field inevitably contributes to the fluctuations of the total
energy density and therefore to the curvature perturbation ζ. Since the electromagnetic
spectra are strongly scale-dependent in almost all cases (see fig. 2), the electromagnetically
induced ζ must be subdominant to the standard quasi-scale-invariant curvature perturbation
originated from vacuum fluctuations, to be consistent with the CMB observations. One last
thing to be taken care of is the effect of charged particles during the reheating process. Some
charged particles are produced even before the completion of reheating, and once they are
present, they may potentially wash away the electric fields and consequently prevent the
evolution of magnetic fields. This effect must be negligible for successful magnetogenesis.
We carefully evaluate these three issues one by one in the following subsections. The final
results for present effective magnetic fields with all these constraints imposed are given in
Section 4.
3.1 Backreaction problem
In this subsection, we evaluate the energy density of the produced electromagnetic fields and
derive the constraint from the backreaction to the total energy density. As we discuss in the
previous section, the magnetic fields are negligible compared to the electric counterpart, and
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thus it suffices to focus on the electric fields for the current consideration. During the inflaton
oscillating phase, since the total energy density behaves as ρtot ≃ ρφ ∝ a−3, eq. (2.11) implies
Ωem ≡ ρem
ρtot
∝ a2n−1 , (ae < a < ar) . (3.1)
For n > 1/2, the energy fraction of the electric fields Ωem increases. In this case, Ωem reaches
the maximum value at a = ar, and we should evaluate Ωem(ηr). Since the contribution
from the sub-horizon mode is negligible, we can compute the electric energy density ρE for
ae ≤ a ≤ ar from eq. (2.11) as
ρoscem(ηr) ≃ ρoscE (ηr) ≃
1
2
∫
dk
k
PoscE (ηr),
≃ 2
2n
9π4
Γ2(n+ 1/2)
ρ2inf
M4Pl
exp [(2n − 4)(Ni +Nr)]Fn, (3.2)
where we define
Ni ≡ ln
(
ae
ai
)
, Fn ≡
∫ |ηi/ηr |
0
dK |C2(K)|2K3−2n, (K ≡ k/ki). (3.3)
For n > 2, Fn depends only on n, because PoscE has its peak at k ∼ ki. We can numerically
evaluate the integral in Fn by sending the upper bound to infinity and find a good fitting
function with error < 1% within the domain 2 < n < 10 as
Fn ≃ exp
(
4.944 − 1.461n − 0.3430n2 + 0.0085n3) . (3.4)
Dividing eq. (3.2) by ρr ≡ ρtot(ηr) and using ρinf/ρr = e3Nr , we obtain
Ωem(ηr) ≃ 2
2n
9π4
Γ2
(
n+
1
2
)
ρinf
M4Pl
exp [(2n − 4)Ni + (2n− 1)Nr]Fn,
≈ 2.5 × 1028 22n e121.8(n−2.5) Γ2
(
n+
1
2
)
Fn
×
(
ρ
1/4
inf
1010GeV
)4n(
Tr
1GeV
)−2n ( g∗
100
) 1−2n
3
(
ki
1Mpc−1
)2(2−n)
. (3.5)
To avoid the backreaction problem, Ωem(ηr) < 1 is required. Comparing eqs. (2.23) and
(3.5), one can observe that, to evade strong backreaction, lowering the inflationary energy
scale and raising the reheating temperature are favored; however, this would also result in
smaller Beff . In particular, a higher Tr decreases Beff more than loosening the backreaction,
and therefore lowering ρinf provides a larger parameter window for successful magnetogenesis
avoiding the backreaction problem.
3.2 Curvature perturbation problem
In this subsection, we explore the curvature perturbation induced by the production process
of the electromagnetic fields, which we call ζem. Considering the curvature perturbation ob-
served in CMB experiments ζobs, the additional contribution to the curvature power spectrum
from ζem must satisfy, Pemζ (kCMB) < Pobsζ (kCMB), where kCMB denotes the CMB scales, since
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ζem has a strongly scale-dependent spectrum. This inequality gives a constraint on our mag-
netogenesis scenario. Note that we do not specify the origin of ζobs and use the observational
result Pobsζ ≈ 2.2× 10−9 in this paper.
On a flat slice (uniform-curvature hypersurface), the curvature perturbation is given by
ζ = −H δρ
ρ˙
, (3.6)
where δρ is density perturbation on the flat slice. Here, it is important to notice that the per-
turbation of the energy density induced by the generation/amplification process of the elec-
tromagnetic field includes not only that of the electromagnetic fields itself δρem ≡ ρem−〈ρem〉,
but also the perturbations of the scalar field energy densities which are sourced by the gen-
erated electromagnetic fields. In addition to the direct coupling between the χ field and the
electromagnetic fields, the gravitational interaction couples all fields in our scenario, namely
φ, χ and Aµ. To properly evaluate the curvature perturbation induced by the produced elec-
tromagnetic field, therefore, one must take into account these couplings, solve the equations
of motion for the scalar fields, and obtain their energy density perturbations, as well as the
direct contribution δρem.
The leading contributions to the scalar perturbations δφ and δχ from the produced
electromagnetic field are threefold: (i) the inverse-decay of Aµ to δχ through the direct cou-
pling I2(χ)F 2, (ii) Aµ gravitationally sourcing δφ through the trace of the energy-momentum
tensor, and (iii) the gravitational mass mixing of δφ with the sourced δχ. These processes
can be depicted schematically as (i) Aµ + Aµ
direct−−−→ δχ, (ii) Aµ + Aµ grav.−−−→ δφ, and (iii)
Aµ + Aµ
direct−−−→ δχ grav.−−−→ δφ, and they and δρem give contributions of the same order.11 We
refer interested readers to Appendix B for the detailed derivation of Pemζ taking all these ef-
fects into account, and only report the final result here. The total energy density perturbation
is the sum of all the energy contents,
δρtot = δρφ + δρχ + δρem , (3.7)
and we define the power spectrum of the curvature perturbation in the standard way:
Pζ(k) 2π
2
k3
(2π)3δ(3)(k + k′) =
〈
ζˆ(k) ζˆ(k′)
〉
=
H2
ρ˙2
〈
δρˆtot(k) δρˆtot(k
′)
〉
, (3.8)
where hat denotes an operator in the Fourier space. Derived in Appendix B, the part of Pζ
sourced directly and indirectly by the produced electromagnetic field, evaluated at the time
of reheating, is given in eq. (B.43),
Pemζ
∣∣
t=tr
≃ ρ
2
inf
M8Pl
24n Γ4
(
n+ 12
)
36π8
Gn
(
ae
ai
)4n−5(ar
ae
)4n−2( k
aeHinf
)3
, (3.9)
11The gravitational sourcing to δχ, i.e. Aµ+Aµ
grav.
−−−→ δχ and Aµ+Aµ
grav.
−−−→ δφ
grav.
−−−→ δχ, is parametrically
smaller and therefore negligible, simply because gravitational interaction is weak and the energy density of χ
is subdominant to that of inflaton φ.
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where the background time evolution H2r /H
2
inf = ρr/ρe ∝ (ae/ar)3 is used, and
Gn ≡ γ2nG(1)n +
π4λ2nG
(2)
n
60 (4n+ 1)2
+
π4γnλnG
(3)
n
12 (4n+ 1)
, (3.10)
γn ≡ 8n
2 + 61n − 100
4(n − 2)(2n − 1)(4n − 5) , λn ≡
3(8n − 7)
8(2n − 1) ,
G(1)n ≃ exp
(
5.27 − 2.34n − 0.821n2 + 0.0240n3) ,
G(2)n ≃ exp
(
5.86 − 2.34n − 0.820n2 + 0.0240n3) ,
G(3)n ≃ exp
(
3.46 − 2.33n − 0.821n2 + 0.0241n3) . (3.11)
Note that this expression is valid for k ≪ ki, which is relevant for k ∼ kCMB and k−1i . 1Mpc.
With eqs. (2.20)-(2.22), eq. (3.9) reads
Pemζ |t=tr ≈ 8.7 × 1051 24n Γ4
(
n+
1
2
)
e243.6(n−2.5) Gn
×
(
ρ
1/4
inf
1010GeV
)8n(
Tr
1GeV
)−4n ( g∗
100
) 2(1−2n)
3
(
ki
1Mpc−1
)5−4n ( k
0.05Mpc−1
)3
(3.12)
After reheating completes, the electric fields quickly vanish due to the high electric conduc-
tivity, and ζem freezes out [24]. Thus the requirement from the CMB observation is
Pemζ (kCMB, ηr) < Pobsζ ≈ 2.2 × 10−9, (3.13)
and this puts a constraint on the strength of the produced magnetic fields.
It should be noted that one can compute higher-order correlation functions of ζem, and
they might potentially provide further constraints on the strength of generated electromag-
netic fields. Nevertheless, the curvature perturbation that is sourced by the electromagnetic
field is strongly scale-dependent, and the shape of the bispectrum is very different from the
local type or other shapes analyzed in observational papers, such as the ones by the Planck
collaboration. Therefore, the existing bounds on non-Gaussianity are not directly applicable
to the present case, and a dedicated work is necessary to obtain a constraint. Thus we con-
centrate on the power spectrum in this paper for a concrete analysis, and we would like to
come back to this issue in future studies.
3.3 The interaction with charged particles
In the previous section, we have solved the equation of motion for the gauge field by ignoring
interactions with charged particles. During the inflaton oscillating phase, however, charged
particles can be produced by the decay of the inflaton. If such an interaction is non-negligible,
the dynamics of the electromagnetic fields may be significantly altered [24, 43]. Therefore in
this subsection, we investigate the condition to safely neglect the interaction which should be
satisfied for the consistency of our calculation. We basically follow the argument in ref. [31],
and assume that the inflaton decay rate Γφ is constant. Then the energy density of the decay
product is given by ρrad = 2Γφρφ/5H during the inflaton oscillating phase [44].
The interaction between photon and charged particles can be ignored if their interaction
rate Γint is smaller than the Hubble expansion rate H, i.e. Γint < H. One can estimate the
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interaction rate as Γint = ncσintv, where nc ≃ ρrad/mφ is the number density of the charged
particles, σint ≃ α2eff/m2φ is their interaction cross section, and v ≈ 1 is their velocity. Here we
have introduced the inflaton mass mφ and the effective fine structure constant αeff ≡ α/I2
which is rescaled by I2 because the kinetic term of photon is modified [36]. Then one can
recast the condition Γint < H as the lower bound on mφ;
mφ & 10
5GeV × I− 43
( α
0.01
)2/3( Tr
1GeV
)2/3
, (3.14)
where we have used Tr ≃
√
ΓφMPl. Here we assume the charged particles dominate an O(1)
fraction of ρrad, while the condition eq. (3.14) can be further relaxed if it is not the case. For
example, it is possible that the inflaton does not decay into any charged particles and they
are only secondarily produced from other decay products [31]. It is also interesting to note
that if the inflaton decays only through dimension five operators, the decay rate is naturally
expected to be suppressed by the Planck mass, Γφ ≃ m3φ/M2Pl, and the reheating temperature
is given by
Tr ≃
m
3/2
φ
M
1/2
Pl
≈ 1GeV
( mφ
106GeV
)3/2
. (3.15)
In this case, the condition eq. (3.14) is always satisfied.
4 Results
In this section, we obtain the range of the magnetic field strength in our scenario which
evades the backreaction and the curvature perturbation problems.
First, we solve eqs. (3.5) and (3.12) in terms of ρinf by fixing the parameters, Tr, g∗ and
ki. In fig. 5, we plot the obtained ρinf for the parameters that we use later. Next, substituting
the obtained ρinf into eq. (2.23), we find Beff written in terms of Ωem(ηr) and Pemζ as
Beff(ηnow) ≈10−13G
√
Hn/Fn
4n+ 1
Ω1/2em (ηr)
(
Tr
1GeV
)−1 ( g∗
100
)− 1
3
(
ki
1Mpc−1
)n−2
, (4.1)
Beff(ηnow) ≈10−14G 1
4n+ 1
H
1/2
n
G1/4n
( Pemζ
2.2× 10−9
) 1
4
×
(
Tr
1GeV
)−1 ( g∗
100
)− 1
3
(
ki
1Mpc−1
)n− 5
4
(
kCMB
0.05Mpc−1
)− 3
4
, (4.2)
where we have set L = 1Mpc. Note that Hn depends on ki, as we discuss below eq. (2.24). To
avoid the backreaction and the curvature perturbation problem, it is required that Ωem(ηr) <
1 and Pemζ < Pobsζ , and these conditions lead to the upper bounds on Beff . In fig. 6, we show
the bounds on Beff for Tr = 1GeV, g∗ = 100 and ki = 1Mpc
−1. There exists the viable
region where the sufficiently strong magnetic fields, Beff(ηnow) > 10
−15G, are generated
without the backreaction or the curvature perturbation problem. The inflationary energy
scale corresponding to a given n and Ωem(ηr) can be derived from eq. (3.5) (or found in
fig. 5). As an illustrative example, the following set of parameters and predictions is obtained
in our model:
n = 3, Tr = 1GeV, ki = 1Mpc
−1
Ωem(ηr) = 1.8× 10−3, ρ1/4inf ≈ 1.1 × 105GeV, Beff(ηnow) ≈ 10−15G. (4.3)
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Figure 5. (Left panel) The inflation energy scale ρ
1/4
inf
is shown for Ωem(ηr) = 1 (solid lines) and
for Pemζ = Pobsζ (dashed lines). We fix ki = 1 (blue), 10 (orange), 102 (green) and 103Mpc−1 (red).
These lines are the upper bounds on the inflationary energy scale, but the value of ρ
1/4
inf
depends on
the given values of Ωem and Pemζ only weakly, ρ1/4inf ∝ Ω1/4nem ∝ (Pemζ )1/8n. Since we set Tr = 1GeV,
ρ
1/4
inf
should be larger than 1GeV, shown as the black dashed line. (Right panel) The peak scale of
the electromagnetic field is pushed up to ki = 1kpc
−1. Again, the solid lines denote Ωem(ηr) = 1 and
the dashed lines denote Pemζ = Pobsζ . The colors represents different reheating temperature, Tr = 103
(green), 102 (orange), and 10GeV (blue). The dotted lines show these Tr, setting the lower bounds
on ρ
1/4
inf
.
Figure 6. The effective strength of the magnetic field predicted by our model. In this figure, we fix
the parameters as Tr = 1GeV, ki = 1Mpc
−1 and g∗ = 100. The solid lines represent the cases with
Ωem(ηr) = 1, 10
−1, 10−2, 10−3 and 10−4 from top to bottom. The orange shaded region is excluded by
the curvature perturbation problem. On the orange dashed line, the curvature perturbation induced
by the electric fields is as large as the observed one, Pemζ = 2.2 × 10−9. The blue dotted line shows
the lower bound inferred by blazar observations, Beff & 10
−15G. The viable region in which sufficient
magnetic fields can be generated without the backreaction and the curvature perturbation problem
exists for Beff . 10
−14G.
Note that the generated magnetic fields have a scale-invariant spectrum for k & ki in this
case of n = 3.
Now we explore cases with different Tr and ki. If the reheating temperature Tr increases,
the hierarchy between the electric and magnetic fields widens, since PB/PE(ηr) ∝ |kηr|2 ∝
– 15 –
Figure 7. Left panel) The case with ki = 10Mpc
−1. The other parameters and the plot scheme are
the same as fig. 6. Since the peak scale of the electromagnetic fields becomes smaller, the hierarchy
is more reduced and the constraints are weaker than fig. 6. In particular, the constraint from the
curvature perturbation becomes irrelevant. (Right panel) The case with ki = 1kpc
−1. The solid
lines show Ωem(ηr) = 1 and the reheating temperature is fixed as Tr = 1, 10, 10
2 and 103GeV from
top to bottom. One can see that the reheating temperature cannot exceed 1TeV for ki ≤ 1kpc.
T−2r , and thus the constraints get tighter. In fact, eqs. (4.1) and (4.2) indicate that the
maximum Beff decreases in proportional to T
−1
r .
On the other hand, if one makes ki larger (i.e. pushes the peak scale of the electromag-
netic fields into a smaller scale), the two constraints become weaker, since the IR cutoff scale
goes higher, and thus stronger magnetic fields can be obtained. In fig. 7, we show the cases
with larger ki. Eqs. (4.1) and (4.2) imply that the curvature perturbation constraint becomes
irrelevant in comparison with the backreaction constraint for sufficiently large ki. This is be-
cause the characteristic scale of the electromagnetic fields goes away from the CMB scale.
Furthermore, since the hierarchy between electric and magnetic fields is reduced, the back
reaction problem is also relaxed. This time, however, a simple scaling argument is difficult
because a varying ki (or ηi) changes the numerical integration of Hs in Beff (see eq. (2.24)
and fig. 4). Comparing fig. 6 and the left panel of fig. 7, one can see how the viable region
broadens by pushing ki from 1Mpc
−1 into 10Mpc−1. In the right panel of fig. 7, we show
the present values of the effective field strength Beff(ηnow) with the backreaction constraint
saturated (Ωem(ηr) = 1), with ki = 1kpc
−1 for Tr = 1, 10, 10
2 and 103GeV.
Finally, let us comment on the allowed maximum reheating temperature in this scenario.
Combining eqs. (2.25), (3.4) and (4.1), one can derive an approximated expression for the
reheating temperature as
Tr ≃ 5.6 × 102GeV e
−0.3825n+0.07415n2−0.00425n3
4n+ 1
Ω1/2em
(
ki
1Mpc−1
)1/2( Beff
1015G
)−1 ( g∗
100
)− 1
3
.
(4.4)
It should be noted that this expression is valid for kiL & 1 and 3 ≤ n ≤ 8. As seen from
this expression and fig. 8, higher reheating temperature can be achieved for larger values of
ki. In this figure, we fix Beff(ηnow) = 10
−15G and n = 3, which leads to a scale-invariant
magnetic spectrum with an observed amplitude, and take a few different values of Ωem(ηr).
Interestingly, given the ki dependence of Hn as in (2.25), one can see Tr ∝ k1/2i , independent
of the value of n, in the range kiL & 1. The constraint from the curvature perturbation
quickly becomes irrelevant as ki goes further away from the CMB scales. Hence the possible
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Figure 8. The reheating temperature as a function of ki. Here we fix Beff(ηnow) = 10
−15G, choose
n = 3, which gives a scale-invariant magnetic spectrum, and show a few cases for different values of
Ωem(ηr). As can be seen from (4.4), increasing ki can achieve higher Tr for a given Beff and Ωem.
range of reheating temperature is not much limited in the model.12
5 Conclusion
We investigate the viability of successful magnetogenesis in the model of the electromagnetic
field coupled to a non-inflaton scalar field χ through its kinetic term in the primordial uni-
verse.13 The time variation of the kinetic function I(χ) transfers the energy of χ into the
electromagnetic field and thus leads to the production of photons. We assume that I(χ)
evolves in time only for a fixed period during inflation and continues until the completion
of reheating; after reheating, the electromagnetic field evolves adiabatically. The produced
magnetic field is originated from the vacuum fluctuations during inflation, and its scale de-
pendence differs among different modes, which can be classified into four cases: (i) the modes
that are always outside horizon from the onset of I(χ) until reheating, (ii) those that cross
horizon after the onset of I(χ) and stay super-horizon until reheating, (iii) those that both
cross and re-enter horizon between the onset of I(χ) and the time of reheating, and (iv) those
that do not exit horizon until the end of inflation and thus never do.
Our aim is to search for a successful scenario for the generation of large-scale magnetic
fields to account for the blazar observations, preserving all the computational and observa-
tional consistencies, namely respecting the backreaction and the CMB constraints within a
weak-coupling regime. Although a red-tilted magnetic spectrum is preferred for large-scale
fields, this, combined with the requirement to avoid the strong-coupling problem, results in
much larger production of electric fields. Hence imposing the constraints on them largely
suppresses the amplitude of the corresponding magnetic fields. It has been known to be
particularly difficult, if not impossible, to generate ∼ 1Mpc scale magnetic fields solely from
12The requirement of ki for the galactic seed magnetic fields is not clear and ki ≫ 1 kpc
−1 is not excluded.
Furthermore, the necessity of the primordial seed magnetic field for the galactic magnetic fields is also disputed.
If it is not necessary, ki could be larger.
13Here we say “electromagnetic field” to mean a Standard Model U(1) gauge field. In principle, if the
production occurs before the electroweak phase transition, one should instead consider the gauge field associ-
ated with the U(1) hypercharge. The true electromagnetic field consists partially of this gauge field, and the
conversion is trivial. This may modify the strength of the magnetic field only around 10% and therefore will
not change our conclusion.
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inflation, unless inflationary energy scale is extremely low, around the BBN bound. In view of
the blazars, we choose such parameters that the scale for the peak amplitude is ofO(1Mpc) or
smaller, and then the scales relevant for the CMB observations are much larger, correspond-
ing to the modes (i) in the previous paragraph. In this case, the constraints from the CMB
curvature perturbation are relatively loose, while the produced magnetic fields keep evolving
after inflation, preventing their dilution against the background energy density during the
period of inflaton oscillation.
We compute the effective amplitude of the present magnetic field, imposing the con-
straints from the CMB fluctuations and from the backreaction to the background dynamics,
in this rather optimal scenario. To compute the curvature perturbation induced by the pro-
duced electromagnetic field, we include all the relevant contributions, namely those coming
from the direct coupling I2F 2 and from the gravitational interactions, up to the leading
order. We restrict our attention to the two-point correlator of the curvature perturbation
and require the sourced part of its power spectrum to be smaller than the observed quasi
scale-invariant value Pobsζ ∼= 2.2× 10−9, since the sourced mode is strongly scale-dependent.
The shape of the induced non-Gaussianity is different from that of the templates used in
the CMB analysis, and the existing bounds on non-Gaussianity in the Planck papers are
not directly applicable. Therefore a dedicated data analysis would be necessary to provide
a constraint on our mechanism of magnetogenesis from higher-order correlation functions,
which is beyond the scope of this paper.
We find a viable parameter space for the generation of magnetic fields with amplitudes
sufficient to account for the spectrum of the γ rays from distant blazars. This is, to our
knowledge, the first example of successful large-scale magnetic fields of primordial origin
in the I2F 2 model with inflationary energy scales away from the BBN, respecting all the
observationally relevant constraints consistently in the weak-coupling regime. The constraint
from the curvature perturbation places the strongest bounds if the peak scale of the produced
magnetic field is O(1Mpc). The smaller the peak scale is, however, the looser both the
backreaction and the CMB constraints are, as the power on larger scales is more suppressed.
We also verify that the conductivity induced by the charged particles that may be present
even before the completion of reheating does not prevent the evolution of the magnetic fields,
since the effective electromagnetic coupling e/I is much smaller than unity before this time.
Our results also infer that the reheating temperature for successful magnetogenesis has a
strong relationship with the peak scale of the magnetic field. If one allows a small correlation
length of the magnetic field, still compatible with the observed amplitude, then a rather large
range of reheating temperature can be realized.
While our scenario succeeds to generate magnetic fields large enough for blazar ob-
servations, it still lacks a concrete model. We have assumed a simple time dependence of
background I(a), but we have not specified the functional form of I(χ) or of the potential
U(χ) to realize the desired time dependence. This model building would require a further
investigation and is beyond the scope of our current goal, which is to provide a successful
scenario for primordial magnetogenesis. In a realistic scenario, it would not be surprising
that the time dependence of I changes at the end of inflation, and then the magnetic-field
spectrum would have more non-trivial shape. Also the decay time of χ would not necessarily
coincide with that of the inflaton; under some circumstances, χ might behave as a curvaton,
which would be an interesting possibility. The construction and analysis of a realistic model,
as well as potential constraints from higher-order correlations, are important issues that we
would like to come back in the future studies.
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Appendices
A Derivation of the Electromagnetic Power Spectra
In this appendix, we solve the E.o.M. for the mode function Ak, namely eqs. (2.6)-(2.8), and
obtain the electromagnetic power spectra, PE and PB . First we assume the gauge field is in
the Bunch-Davies vacuum state for a < ai,
IiABDk (a < ai) =
e−ik(η−ηi)√
2k
, (A.1)
where the constant phase is added for convenience. Solving eqs. (2.7) and (2.8) one finds the
general solutions are given by
IAinfk (η) =
√−η [C1Jn−1/2(−kη) +C2Yn−1/2(−kη)] , (A.2)
IAosck (η) =
√
η
[
D1J2n+1/2(kη) +D2Y2n+1/2(kη)
]
, (A.3)
where Jν(x) and Yν(x) are the Bessel function of the first and second kind, respectively. Here
C1, C2,D1 and D2 are constant and they will be determined by the junction conditions. By
using the junction condition between eqs. (A.1) and (A.2) at η = ηi,
14
ABDk (ηi) = Ainfk (ηi), ∂ηABDk (ηi) = ∂ηAinfk (ηi), (A.4)
one finds C1 and C2 are given by
C1 = − iπ
2
√
2
√
−kηi
[
Ys−1/2(−kηi)− iYs+1/2(−kηi)
]
, (A.5)
C2 =
iπ
2
√
2
√
−kηi
[
Js−1/2(−kηi)− iJs+1/2(−kηi)
]
. (A.6)
Next, one can connect eq. (A.2) to eq. (A.3) by using the junction condition at the end
of inflation, a = ae. It should be noted that the conformal time η is not continuous there.
Requiring that the scale factor a and Hubble parameter H are continuous, one finds η jumps
as
ηe = − 1
aeHinf
(end of inflation) =⇒ η˜e = 2
aeHinf
(onset of oscillation). (A.7)
Thus the junction condition is
Ainfk (ηe) = AMDk (η˜e), ∂ηAinfk (ηe) = ∂ηAMDk (η˜e), (A.8)
14Since the electric energy density depends on not ∂η(IAk) but I∂ηAk, the variable which should be used
in the junction is not ∂η(IAk) but ∂ηAk to ensure the continuity of the physical quantity.
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and one can obtain D1 and D2. The calculation is straightforward while the full expressions
of D1 and D2 are complicated. Since we are interested only in the modes which exit the
horizon during inflation, we show their asymptotic form in the limit |kηe| ≪ 1 (we use the
full expression to plot Fig. 2);
D1 ≃ −2
n
π
Γ(2n+ 1/2)Γ(n + 1/2)|kηe|−3nC2, (A.9)
D2 ≃ 2n−2 3Γ(n− 1/2)
Γ(2n+ 3/2)
|kηe|1+nC2 − 2
−nπ|kηe|3nC1
Γ(2n+ 1/2)Γ(n + 1/2)
. (A.10)
The second term in eq. (A.10) is important only for very large scale modes, |kηe|(ηi/ηe)2n . 1,
and thus we ignore it.
Now we can obtain the electromagnetic power spectra by substituting eqs. (A.2) and
(A.3) into eq. (2.4). Let us see the results in order.
A.1 During inflation, before I starts varying: a < ai
Substituting the Bunch-Davies vacuum eq. (A.1), one finds
PBDE = PBDB =
H4inf
2π2
|kη|4. (A.11)
In the vacuum, the magnetic and the electric spectrum are identical, and they are blue-tilted
in proportional to k4. Even after I starts varying, the electromagnetic spectra on sub-horizon
scales do not change. This is because the k2 term dominates the ∂2ηI/I term in eqs. (2.7) and
(2.8), and thus the sub-horizon modes do not feel the time-variation of I. Hence, hereafter
we focus on the super-horizon modes.
A.2 During inflation, after I starts varying: ai < a < ae
Substituting eq. (A.2) into eq. (2.4), one finds
P infE =
H4inf
π2
|kη|5 ∣∣C1Jn+1/2(−kη) + C2Yn+1/2(−kη)∣∣2 , (exact)
|kη|≪1−−−−→ 2
2n+1
π4
Γ2(n+ 1/2)|C2|2H4inf |kη|4−2n, (super horizon)
≃


22n−1
π3
Γ2(n + 1/2)H4inf |kη|4−2n, (|kηi| ≫ 1)
H4inf
2π2
(
ηi
η
)2n
|kη|4, (|kηi| ≪ 1)
(C2 approx.). (A.12)
P infB =
H4inf
π2
|kη|5 ∣∣C1Jn−1/2(−kη) + C2Yn−1/2(−kη)∣∣2 , (exact)
|kη|≪1−−−−→ 2
2n−1
π4
Γ2(n− 1/2)|C2|2H4inf |kη|6−2n, (super horizon)
≃


22n−3
π3
Γ2(n− 1/2)H4inf |kη|6−2n, (|kηi| ≫ 1)
H4inf
2π2(2n− 1)2
(
ηi
η
)2n
|kη|6, (|kηi| ≪ 1)
(C2 approx.). (A.13)
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In both the equations, the first line shows the exact expression, the second line shows the
super-horizon asymptotic formula, and in the third line the asymptotic form of C2, eqs. (2.14)
and (2.15), are used. Exactly speaking, right after a = ai, Ak is dominated by a constant
term for a short interval, ηi ≤ η < ηc with |kηc| ≡ [(2n− 1)π2]
−1
2n−1 |kηi|
2n
2n−1 . That term gives
an additional contribution to P infB . However, we suppress it in the approximated expressions
because it quickly becomes subdominant for k ∼ ki and is not significant to estimate the
final amplitude of the magnetic fields.
A.3 Inflaton oscillating phase with varying I: ae < a < ar
Substituting eq. (A.3) into eq. (2.4), one finds
PoscE =
H4inf
24π2
|kη|5
(
η˜e
η
)12 ∣∣D1J2n−1/2(kη) +D2Y2n−1/2(kη)∣∣2 , (exact)
|kη|≪1−−−−→ 2|D1|
2
π2Γ2(2n+ 1/2)
H4inf |kηe|4(n+1)
(
η
η˜e
)4(n−2)
, (super horizon)
≃


22n−1
π3
Γ2(n+ 1/2)H4inf |kηe|4−2n
(
η
η˜e
)4(n−2)
, (|kηi| ≫ 1)
H4inf
2π2
|kηe|4
(
ηi
ηe
)2n ( η
η˜e
)4(n−2)
, (|kηi| ≪ 1)
(C2 approx.).
(A.14)
PoscB =
H4inf
24π2
|kη|5
(
η˜e
η
)12 ∣∣D1J2n+1/2(kη) +D2Y2n+1/2(kη)∣∣2 , (exact)
|kη|≪1−−−−→ 2|D1|
2
π2Γ2(2n+ 3/2)
H4inf |kηe|4n+6
(
η
η˜e
)4n−6
, (super horizon)
≃


22s+1Γ2(n+ 1/2)
π3(4n + 1)2
H4inf |kηe|6−2n
(
η
η˜e
)4n−6
, (|kηi| ≫ 1)
2H4inf
π2(4n + 1)2
|kηe|6
(
ηi
ηe
)2n ( η
η˜e
)4n−6
, (|kηi| ≪ 1)
(C2 approx.). (A.15)
Again we ignore the constant contribution to Aosck on super-horizon scales, which becomes
dominant for a short interval while it is not relevant to the final result. Comparing these
spectra, one can explicitly confirm the hierarchical relation eq. (2.11), PB ∼ |kη|2PE holds
during both inflation and the inflaton oscillating phase.
B The calculation of ζem
We have discussed the constraints due to the CMB observations in Subsection 3.2 of the
main text, where only the final results are reported. In this appendix section, we show the
detailed calculation of the curvature perturbations induced by the produced photon fields.
To this end, we expand the inflaton (φ) and spectator (χ) fields as
φ = φ0 + δφ , χ = χ0 + δχ , (B.1)
and decompose the scalar part of the metric in the spatially flat gauge,
g00 = −a2 (1 + 2Φ) , g0i = a2 ∂iB , gij = a2 δij . (B.2)
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Due to the assumption that the photon field Aµ has no intrinsic background values and to
the fact that it enters the action only quadratically, the effects of the produced fields on the
curvature perturbations are formally second-order in the perturbative expansion. To focus
on their effects, we therefore treat all the scalar modes as second order and the gauge field
as first order, namely,
δφ→ δ2φ , δχ→ δ2χ , Φ→ Φ2 , B → B2 , Aµ → δ1Aµ , (B.3)
where the subscripts (1, 2) are the perturbative orders. Noting this, we suppress them in the
following calculations without ambiguity. Expanding the action (2.1) up to second order, we
understand that the variations with respect to Φ and B only provide constraint equations.
Thus the true equations of motion are those of δφ, δχ and Aµ. The one for Aµ is given in
(2.5), and those for δφ and δχ are found as(
∂2η −∇2
)
Qi +M2ijQj = Sdi + Sgi , (B.4)
where Qi = {a δφ, a δχ}, η is the conformal time, and
M2ij = −
a′′
a
δij + a
2V,ij +
(
3− φ
′
kφ
′
k
2M2pH2
)
φ′iφ
′
j
M2p
+
a2
M2pH
(
φ′iV,j + φ
′
jV,i
)
,
Sdi = a3
∂χI
I
(
E2 −B2)( 0
1
)
i
,
Sgi = −
a3φ′i
2M2PlH
{
E2 +B2
2
− H
2
a4φ′i
2
∇−2∂η
[
a4φ′i
2
H2 ∇ · (E ×B)
]}
, (B.5)
with φi = {φ0, χ0}, prime denoting derivatives with respect to η, and H ≡ a′/a. The first,
second and third equations of (B.5) correspond, respectively, to the mass mixing, the direct
coupling between the photon and χ, and the gravitational interaction. Here we have defined
the electric and magnetic fields as
E ≡ −〈I〉
a2
∂ηA , B ≡ 〈I〉
a2
∇×A (B.6)
where the bracket denotes background values. The equations of motion, (B.4), together with
(B.5), are exact at this order.
Since we are interested in the regime of parameters where the electric contribution is
dominant over the magnetic one, we neglect all the terms coming from the latter, except for
the one in the term of Poynting vector E×B. Also in this regime the electric field is always
monotonically increasing both during and after inflation until reheating, and thus we solve
(B.4) during the period of inflaton oscillation. To utilize the Green function method, we first
find the homogeneous solution of (B.4). Fourier-transforming δφ and δχ as
δφ(η,x) =
∫
d3k
(2π)3
eik·x
ϕk(η)
a(η)
, δχ(η,x) =
∫
d3k
(2π)3
eik·x
Xk(η)
a(η)
, (B.7)
and Ai as in (2.3), the homogeneous equations of (B.4) can be approximated as,
15
ϕ′′k +
(
k2 + a2Vφφ
)
ϕk ≃ 0 , X ′′k +
(
k2 − a
′′
a
)
Xk ≃ 0 . (B.8)
15Here we treat the mass mixing terms in (B.4) perturbatively, and thus they do not enter in the free
equations of motion.
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Since it suffices to consider the period of inflaton oscillation for our current purpose, we
solve these equations in this era. For later use, we remind readers that for a given equation
of state of the universe the scale factor is related to conformal time as a = 21+3w
1
ηH ∝
t2/3(1+w) ∝ η2/(1+3w). Defining the Fourier transform of the source terms in (B.5) as Sˆd/gi ≡∫
d3x e−ik·x Sd/gi , they can be approximated as,
Sˆdi (η,k) ≃ 2 a3
∂χI
I
δρˆE
(
0
1
)
i
,
Sˆgi (η,k) ≃ −
a3φ′i
2M2PlH
[
δρˆE − i kj
k2
H2
a4φ′i
2
∂η
(
a4φ′i
2
H2 δPˆj
)]
, (B.9)
where the electric energy density and the Poynting vector are
δρˆE (η,k) ≡ 1
2
∫
d3p
(2π)3
Eˆi (η,p) Eˆi (η,k − p) ,
δPˆi (η,k) ≡
∫
d3p
(2π)3
ǫijk Eˆj (η,p) Bˆk (η,k − p) , (B.10)
with Eˆi and Bˆi being the Fourier-transformed E and B fields, respectively. Note that
although the term of the Poynting vector in the source Sˆgi appears divergent in the limit
k → 0, physical spectra do not suffer IR divergence, which we shall show in Subsection B.3.
To compute the curvature perturbation resulting from the produced photon field, we
have the relation
ζ = −H
ρ˙
δρ , (B.11)
in the spatially flat gauge. The density perturbation δρ consists of three contributions, from
the bare electric energy density δρE (with negligible magnetic component), and the density
perturbations of spectator and inflaton fields, δρχ and δρφ, respectively, sourced by the
electromagnetic fields. Their formal expressions are written as, up to the relevant orders,
δρE =
E2
2
, δρχ = χ˙0 δχ˙+ U,χ δχ , δρφ = φ˙0 δφ˙+ V,φ δφ . (B.12)
In the following subsections, we compute the contributions from the photon field to δχ and
δφ separately, and then the total one to the curvature perturbation. For concrete calculation,
we hereafter set w = 0 during the phase of inflaton oscillation, that is the inflaton oscillates
around its potential V (φ) = m2φφ
2/2.
B.1 Contributions to spectator field perturbation
The equation of motion for the spectator field perturbation during inflaton oscillation can be
obtained from the homogeneous part (B.8) together with the source from the electromagnetic
field, (B.9), and reads
X ′′k +
[
k2 − 2
η2
]
Xk ≃ −2n a
3H
χ˙0
δρˆE , (B.13)
where we have set w = 0 and used the relation ∂χI/I = I˙/(χ˙0I) = −nH/χ˙0. Here we neglect
the Planck suppressed operators, as they make only sub-leading contributions. Note that
when the mass of the spectator field is light, i.e. U,χχ ≪ H2, the background χ0 follows the
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approximate time dependence 92Hχ˙0 ≃ −U,χ in the matter-dominated universe. We assume
this “slow roll” of χ0, and under this assumption, the time evolution of χ˙0 is approximately
χ˙0 ∝ H−1.
The Green function associated with X can be found by equating the homogeneous part
of (B.13) to δ (η − η′), giving
Gχk
(
η, η′
)
= Θ
(
η − η′) π
2
√
ηη′
[
Y3/2 (|kη|) J3/2
(|kη′|)− J3/2 (|kη|) Y3/2 (|kη′|)] , (B.14)
where Θ is the Heaviside step function. The part of the solution due to the electromagnetic
source can then be solved as
X emk (η) = −2n
∫ ∞
−∞
dη′Gχk
(
η, η′
) [a3H
χ˙0
]
η′
δρˆE
(
η′,k
)
, (B.15)
where superscript em denotes a quantity sourced by the electromagnetic field, and subscript
η′ indicates a quantity evaluated at time η′. To evaluate the time integral, we are only
interested in super-horizon modes during the period of inflaton oscillation, as the modes
inside the horizon damp away quickly and leave negligible contributions. In this limit, we
have
Gχk
(
η, η′
) ≃ Θ(η − η′)
3
√
ηη′
[(
η
η′
)3/2
−
(
η′
η
)3/2]
, (B.16)
a3H/χ˙0 = const., and δρˆE ∝ a2n−4 ∝ η4n−8. Then (B.15) is evaluated to be
X emk (η) ≃ a(η)
−2n
(n− 2) (4n− 5)
δρˆE(η,k)
χ˙0H
. (B.17)
Notice that χ˙0H is constant, and therefore the time dependence of the physical mode follows
that of the electric energy density, i.e. X em/a ∝ δρˆE .
Using (B.12) and recalling the relation U,χ ≃ −9Hχ˙0/2 (see below (B.13)), we obtain,
for the sourced δρχ,
δρˆemχ ≃
4n− 17
2
χ˙0Hδχˆ
s ≃ −n (4n − 17)
(n− 2) (4n − 5) δρˆE , (B.18)
where hat denotes operators in the Fourier space, and superscript s the sourced mode.
B.2 Contributions to inflaton perturbation
We now turn to the contributions to inflaton perturbations from the produced electromagnetic
fields. In this computation, we switch to using physical time t instead of conformal one η.
As it becomes clear below, we need to take into account the contributions from sub-leading
orders in O(H/mφ). For this reason, we include up to the first order in H/mφ and find
φ0 ∼= φe
(ae
a
)3/2
cos θ(t) ,
φ˙0 ∼= −mφ φe
(ae
a
)3/2 [
sin θ(t) +
3Hinf
2mφ
(ae
a
)3/2
cos θ(t)
]
,
H ∼= Hinf
(ae
a
)3/2 [
1 +
3Hinf
4mφ
(ae
a
)3/2
sin 2θ(t)
]
, (B.19)
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where θ(t) = mφ(t− te), φe =
√
6MPlHinf/mφ, and subscripts e and inf denote values at the
end of and during inflation, respectively. Note that a/a0 = (3Hinf t/2)
2/3 up to this order.
The source term for δφ consists of two contributions, one from the gravitational inter-
action with the gauge field, Sˆgφ, and the other from the mass mixing with δχ, Mφχ. Writing
up to the terms one-order suppressed by H/mφ, we find
16
Sˆgφ
∼=
√
3
2
a3
MPl
{
− 2imφaki
k2
δPˆi cos θ + δρˆE sin θ
−iHinf
(ae
a
)3/2 aki
k2
δPˆi
[(
2n− 7
4
)
sin θ − 9
4
sin 3θ
]}
,
M2φχ ∼=
√
6 a2
χ˙0
MPl
mφ
[
cos θ +
9Hinf
8mφ
(ae
a
)3/2
(3 sin θ − sin 3θ)
]
. (B.20)
The first terms in both expressions appear dominant; however, we will see that they con-
tribute to the curvature perturbation only in the same order as the other terms (and that is
why we need to include the apparently sub-leading terms). In the contribution from δχ, we
concentrate on the effect from the gauge field, which is given by (B.17). Therefore we can
express the total source for the inflation perturbation from the gauge field as
Sˆφ ≡ Sˆgφ −M2φχX emk , (B.21)
where Sˆgφ and M2φχ are given in (B.20), and X sk in (B.17).
The equation of motion for the inflaton perturbation during inflaton oscillation can be
obtained from the homogeneous part in (B.8) together with the source (B.21). In physical
time, we have17 (
∂2t +
k2
a2
+m2φ
)(
a1/2ϕk
)
≃ a−3/2Sˆφ . (B.22)
This equation can be formally solved for the sourced part of the solution as
a1/2ϕemk (t) =
∫
dt′Gφk
(
t, t′
)
a−3/2(t′) Sˆφ
(
t′,k
)
,
∂t
[
a1/2ϕemk (t)
]
=
∫
dt′ ∂tG
φ
k
(
t, t′
)
a−3/2(t′) Sˆφ
(
t′,k
)
(B.23)
Focusing on the super-horizon modes, i.e., k/a ≪ mφ, the Green function Gφk(t, t′) is found
as
Gφk(t, t
′) = Θ(t− t′) sin [mφ(t− t
′)]
mφ
. (B.24)
Evaluating the time integrals in (B.23) for the period of inflaton oscillation, during which
the electromagnetic field evolves as δρˆE ∝ a2n−4 and δPˆi ∝ a2n−7/2, we find
a1/2ϕemk ≃ A1
(
t
te
) 4n+1
3
(
mφ
Hinf
sin θ +
4n + 1
4
te
t
cos θ
)
−A2
(
t
te
) 4n−2
3
cos θ ,
∂t
(
a1/2ϕem
k
)
mφ
≃ A1
(
t
te
) 4n+1
3
(
mφ
Hinf
cos θ +
4n + 1
4
te
t
sin θ
)
+A2
(
t
te
) 4n−2
3
sin θ ,
(B.25)
16One can show that the next-to-leading order contribution to X sk is O(H
3/m3φ) and thus negligible.
17 We neglect the next-to-leading order in Mφφ, coming from the φ
′
0V,φ term, which might in principle
contribute to the homogeneous solution for ϕk and therefore to its Green function. This would modify our
result at most by an O(1) numerical factor, and thus our main message would not be altered.
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where
A1 ≡
√
6 a
3/2
e
MPlmφHinf(4n + 1)
[
2n
(n− 2)(4n − 5) δρˆE(te)− i
aeHinfki
k2
δPˆi(te)
]
,
A2 ≡
√
6 a
3/2
e
MPlmφHinf(4n − 2)
[
8n2 + n+ 20
4(n− 2)(4n − 5) δρˆE(te)− i
(
n− 7
8
)
aeHinfki
k2
δPˆi(te)
]
.
(B.26)
Using the definition of δρφ in (B.12), one can easily see that the dominant terms of the
equations in (B.25) cancel out. This is because the would-be leading (dangerous) contribu-
tions in δφ interfere destructively with the oscillating background φ0. We thus obtain the
time-averaged perturbation of inflaton energy density sourced by the EM field,
δρˆemφ ≃
3
2n− 1
[
− 8n
2 + n+ 20
4(n− 2)(4n − 5) δρˆE(t) + i
(
n− 7
8
)
aHki
k2
δPˆi(t)
]
, (B.27)
up to the actual leading order, where bar denotes the time average.
B.3 Total energy density perturbation
The total energy density perturbation is a simple summation of density perturbations of
electric, spectator and inflaton, i.e. δρtot = δρE + δρχ + δρφ. Using (B.18) and (B.27), we
obtain the total perturbation originated from the gauge field,
δρˆemtot ≃
8n2 + 61n− 100
4(n − 2)(2n − 1)(4n − 5) δρˆE + i
3(8n − 7)
8(2n − 1)
aHki
k2
δPˆi , (B.28)
where hat denotes an operator in the Fourier space. Before proceeding to compute correlation
functions, let us comment on convergence of the δPˆi term. At the operator level, it is
straightforward to see
i
ki
k2
δPˆi(k) =
I2
a4
∫
d3p
(2π)3
{
p
2k
kˆ · pˆ
[
Aˆ′i(k − p) Aˆi(p)− Aˆ′i(p) Aˆi(k − p)
]
−
(
kˆikˆj − δij
2
)
Aˆ′i(p) Aˆj(k − p)
}
, (B.29)
where we have sent the integration variable p → k − p. A glance at the first term in the
curly parentheses of (B.29) seems to hint that this quantity diverges in the IR limit, k → 0.
We now show that this is not the case. By decomposing Aˆi(t,p) = ǫ
λ
i (pˆ)Aλ(t,p), we see, in
the limit k → 0,
Aˆ′i(k − p) Aˆi(p)− Aˆ′i(p) Aˆi(k − p)→ A′λ(−p)Aλ(p)−A′λ(p)Aλ(−p) . (B.30)
From this, one can easily show that as long as the mode function in Aλ is real up to a constant
phase (which is generally true once modes become classical), the right-hand side vanishes.
Therefore, as long as we consider semi-classical (statistical) quantities, we can quite generally
conclude that kiδPˆi/k
2 stays finite in the limit k → 0.
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The two-point correlation function of δρˆemtot consists of the following three contributions:
〈
δρˆE (k) δρˆE
(
k′
)〉
=
δ(3) (k + k′)
2
∫
d3p
[
1 +
(
pˆ · k̂ − p
)2] ∣∣E(p)∣∣2 ∣∣E(|k − p|)∣∣2 ,〈
i
ki
k2
δPˆi (k) i
k′j
k′2
δPˆj
(
k′
)〉
=
δ(3)(k + k′)
k2
∫
d3p
×
{[(
kˆ · pˆ
)2
+
(
kˆ · k̂ − p
)2] ∣∣E(p)∣∣2 ∣∣B(|k − p|)∣∣2
+2
(
kˆ · pˆ
)(
kˆ · k̂− p
)
E(p)B∗(p)B(|k − p|)E∗(|k − p|)
}
,〈
i
ki
k2
δPˆi (k) δρˆE
(
k′
)〉
= −δ
(3) (k + k′)
k
∫
d3p
×
[
kˆ · pˆ+
(
kˆ · k̂− p
)(
pˆ · k̂ − p
)]
B(p)E∗(p)
∣∣E(|k − p|)∣∣2 , (B.31)
where
E(p) ≡ − I
a2
A′(p) , B(p) ≡ I
a2
pA(p) , A(p) ≡ A+(p) = A−(p) . (B.32)
We are interested in the scales relevant to CMB observations, i.e. the external momentum
k ∼ kCMB, while the phase space momentum ~p is peaked around p ∼ aiHinf ≫ kCMB, for our
current interest in magnetogenesis with coherent length L . 1 Mpc. In this limit, the first
quantity in (B.31) simplifies to
〈
δρˆE (k) δρˆE
(
k′
)〉 ≃ δ(3) (k+ k′) ∫ d3p ∣∣E(p)∣∣4 . (B.33)
The expressions for E(p) and B(p) outside horizon during the period of inflaton oscillation
can be approximated as
E (η, p) ≃ C2
(
p
ki
)
2n+
1
2 Γ
(
n+ 12
)
π p3/2
(
aeHinf
p
)n(aeHinf
aH
)2n (p
a
)2
, B (η, p) ≃ − pη
4n+ 1
E (η, p) ,
(B.34)
where subscripts e and inf denote values at the end of and during inflation, respectively, and
we recall the definition of C2 in eq. (2.13)
C2(x) =
π
2
√
2
√
x
[
Jn+ 1
2
(x) + i Jn− 1
2
(x)
]
. (B.35)
Plugging (B.34) into (B.33), we find
〈
δρˆE (k) δρˆE
(
k′
)〉 ∣∣
t=tr
≃ δ(3) (k + k′) 24(n+1) Γ4
(
n+ 12
)
π3 a8r
(aiHinf)
5
(
ae
ai
)4n(aeHinf
arHr
)8n
G(1)n ,
(B.36)
where the quantity is evaluated at the time of reheating, denoted by subscripts r, and
G(1)n ≡
∫ ∞
0
dz |C2 (z) |4 z−4n+4 , (B.37)
The lower and upper bounds of the integral in (B.37) should in principle be numbers of
O
(
arHr
aiHinf
)
and O
(
k
aiHinf
)
, respectively. However, the integrand is peaked around z ∼ O(1),
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which is well within the domain of integration, and sending the lower and upper bounds
respectively to 0 and∞ is a good approximation. We compute the integral (B.37) numerically,
and the result can be fitted as, within the domain 2 < n < 10,
G(1)n ≃ exp
(
5.27 − 2.34n − 0.821n2 + 0.0240n3) , (B.38)
with an error of . 1%.
For the second and third quantities in (B.31), the would-be leading-order terms vanish
in the expansion for small k/p. The next would-be leading order also vanishes, since they
are proportional to odd orders in kˆ · pˆ and thus give zero after the angular integration. This
explicitly demonstrates that the δPˆi terms do not suffer IR divergence, as discussed at the
beginning of this subsection. Then the actual leading-order contributions are
〈
i
ki
k2
δPˆi (k) i
k′j
k′2
δPˆj
(
k′
)〉 ≃ δ(3)(k + k′) 24n+2π Γ4
(
n+ 12
)
15 (4n+ 1)2 a8
(aiHinf)
5
(aH)2
(
ae
ai
)4n(aeHinf
aH
)8n
G(2)n ,〈
i
ki
k2
δPˆi (k) δρˆE
(
k′
)〉 ≃ δ(3)(k + k′) 24n+1π Γ4
(
n+ 12
)
3 (4n+ 1) a8
(aiHinf)
5
aH
(
ae
ai
)4n(aeHinf
aH
)8n
G(3)n ,
(B.39)
where
G(2)n ≡
∫ ∞
0
dz z6−4n
[
J2n+1/2(z) + J
2
n−1/2(z)
] [
(6n− 1) J2n+1/2(z)− J2n−1/2(z)
]
,
G(3)n ≡
∫ ∞
0
dz z6−4n
[
J2n+1/2(z) + J
2
n−1/2(z)
] [
(2n− 1) J2n+1/2(z)− J2n−1/2(z)
]
.
(B.40)
These functions can be fitted as, in the regime 2 < n < 10,
G(2)n ≃ exp
(
5.86 − 2.34n − 0.820n2 + 0.0240n3) ,
G(3)n ≃ exp
(
3.46 − 2.33n − 0.821n2 + 0.0241n3) , (B.41)
and we hence see G
(3)
n ≃ G(1)n /6 ≃ G(2)n /11 to a good agreement.
We are now ready to collect the power spectrum of curvature perturbation ζ, defined as
Pζ (k) (2π)3 δ(3)
(
k + k′
) ≡ k3
2π2
〈
ζˆ (k) ζˆ
(
k′
)〉
, (B.42)
where hat denotes an operator in the Fourier space. Using the relation (B.11), together
with the expression (B.28) for the total density perturbation, and recalling the background
equation ρ˙ = −3Hρ = −9M2PlH3, we obtain the sourced power spectrum evaluated at the
time of reheating, t = tr,
Pemζ
∣∣
t=tr
≃ 2
4n Γ4
(
n+ 12
)
81π8
[
γ2nG
(1)
n +
π4λ2nG
(2)
n
60 (4n+ 1)2
+
π4γnλnG
(3)
n
12 (4n+ 1)
]
×
(
Hr
MPl
)4(aiHinf
arHr
)5(ae
ai
)4n(aeHinf
arHr
)8n ( k
arHr
)3
, (B.43)
– 28 –
where
γn ≡ 8n
2 + 61n − 100
4(n− 2)(2n − 1)(4n − 5) , λn ≡
3(8n − 7)
8(2n − 1) . (B.44)
Eq. (B.43) is the main result of this appendix. The total power spectrum is the simple sum
of the vacuum and sourced modes, denoted respectively by superscripts vac and em, i.e.
Ptotζ = Pvacζ + Pemζ . (B.45)
Since the sourced spectrum (B.43) is strongly scale-dependent, we, at the very least, enforce
Pemζ < Pvacζ ≃ Ptotζ . This puts a constraint on the production of magnetic fields in the model
of our current consideration. In the main text, we discuss in detail the final magnetic-field
strength with this bound on curvature perturbation imposed.
References
[1] A. Neronov and I. Vovk, Evidence for strong extragalactic magnetic fields from Fermi
observations of TeV blazars, Science 328, 73 (2010) [arXiv:1006.3504].
[2] F. Tavecchio, G. Ghisellini, L. Foschini, G. Bonnoli, G. Ghirlanda and P. Coppi, The
intergalactic magnetic field constrained by Fermi/LAT observations of the TeV blazar 1ES
0229+200, Mon. Not. Roy. Astron. Soc. 406, L70 (2010) [arXiv:1004.1329].
[3] K. Dolag, M. Kachelriess, S. Ostapchenko and R. Tomas, Lower limit on the strength and
filling factor of extragalactic magnetic fields, Astrophys. J. 727, L4 (2011) [arXiv:1009.1782].
[4] W. Essey, S. ‘i. Ando and A. Kusenko, “Determination of intergalactic magnetic fields from
gamma ray data,” Astropart. Phys. 35, 135 (2011) [arXiv:1012.5313 [astro-ph.HE]].
[5] A. M. Taylor, I. Vovk and A. Neronov, Extragalactic magnetic fields constraints from
simultaneous GeV-TeV observations of blazars, Astron. Astrophys. 529, A144 (2011)
[6] K. Takahashi, M. Mori, K. Ichiki, S. Inoue and H. Takami, “Lower Bounds on Magnetic Fields
in Intergalactic Voids from Long-term GeV-TeV Light Curves of the Blazar Mrk 421,”
Astrophys. J. 771, L42 (2013).
[7] W. Chen, J. H. Buckley and F. Ferrer, “Evidence for GeV Pair Halos around Low Redshift
Blazars,” arXiv:1410.7717 [astro-ph.HE].
[8] A. Kandus, K. E. Kunze and C. G. Tsagas, “Primordial magnetogenesis,” Phys. Rept. 505
(2011) 1 [arXiv:1007.3891 [astro-ph.CO]].
[9] R. Durrer and A. Neronov, “Cosmological Magnetic Fields: Their Generation, Evolution and
Observation,” Astron. Astrophys. Rev. 21 (2013) 62 [arXiv:1303.7121 [astro-ph.CO]].
[10] K. Subramanian, “The origin, evolution and signatures of primordial magnetic fields,”
arXiv:1504.02311 [astro-ph.CO].
[11] T. Fujita and S. Mukohyama, “Universal upper limit on inflation energy scale from cosmic
magnetic field,” JCAP 1210 (2012) 034 [arXiv:1205.5031 [astro-ph.CO]].
[12] C. Caprini and S. Gabici, “Gamma-ray observations of blazars and the intergalactic magnetic
field spectrum,” Phys. Rev. D 91, no. 12, 123514 (2015) [arXiv:1504.00383 [astro-ph.CO]].
[13] T. Vachaspati, Phys. Lett. B 265 (1991) 258. doi:10.1016/0370-2693(91)90051-Q
[14] G. Sigl, A. V. Olinto and K. Jedamzik, Phys. Rev. D 55 (1997) 4582
doi:10.1103/PhysRevD.55.4582 [astro-ph/9610201].
[15] S. Matarrese, S. Mollerach, A. Notari and A. Riotto, Phys. Rev. D 71 (2005) 043502
doi:10.1103/PhysRevD.71.043502 [astro-ph/0410687].
– 29 –
[16] S. Saga, K. Ichiki, K. Takahashi and N. Sugiyama, Phys. Rev. D 91 (2015) 12, 123510
doi:10.1103/PhysRevD.91.123510 [arXiv:1504.03790 [astro-ph.CO]].
[17] M. S. Turner and L. M. Widrow, Inflation Produced, Large Scale Magnetic Fields, Phys. Rev.
D 37, 2743 (1988).
[18] B. Ratra, Cosmological ’seed’ magnetic field from inflation, Astrophys. J. 391, L1 (1992).
[19] W. D. Garretson, G. B. Field and S. M. Carroll, ‘Primordial magnetic fields from
pseudoGoldstone bosons,” Phys. Rev. D 46, 5346 (1992) [hep-ph/9209238].
[20] F. Finelli and A. Gruppuso, Resonant amplification of gauge fields in expanding universe, Phys.
Lett. B 502, 216 (2001) [hep-th/0001231].
[21] A. -C. Davis, K. Dimopoulos, T. Prokopec and O. Tornkvist, Primordial spectrum of gauge
fields from inflation, Phys. Lett. B 501, 165 (2001) [Phys. Rev. Focus 10, STORY9 (2002)]
[astro-ph/0007214].
[22] K. Bamba and J. Yokoyama, Large scale magnetic fields from inflation in dilaton
electromagnetism, Phys. Rev. D 69, 043507 (2004)
[23] M. M. Anber and L. Sorbo, “N-flationary magnetic fields,” JCAP 0610, 018 (2006)
[astro-ph/0606534].
[24] J. Martin and J. ’i. Yokoyama, Generation of Large-Scale Magnetic Fields in Single-Field
Inflation, JCAP 0801, 025 (2008) [arXiv:0711.4307 [astro-ph]].
[25] R. Durrer, L. Hollenstein and R. K. Jain, Can slow roll inflation induce relevant helical
magnetic fields?, JCAP 1103, 037 (2011) [arXiv:1005.5322].
[26] R. J. Z. Ferreira, R. K. Jain and M. S. Sloth, “Inflationary magnetogenesis without the strong
coupling problem,” JCAP 1310, 004 (2013) [arXiv:1305.7151 [astro-ph.CO]].
[27] C. Caprini and L. Sorbo, “Adding helicity to inflationary magnetogenesis,” JCAP 1410, no.
10, 056 (2014) [arXiv:1407.2809 [astro-ph.CO]].
[28] T. Kobayashi, “Primordial Magnetic Fields from the Post-Inflationary Universe,” JCAP 1405
(2014) 040 [arXiv:1403.5168 [astro-ph.CO]].
[29] G. Tasinato, JCAP 1503 (2015) 040 doi:10.1088/1475-7516/2015/03/040 [arXiv:1411.2803
[hep-th]].
[30] G. Domnech, C. Lin and M. Sasaki, “Inflationary Magnetogenesis with Broken Local U(1)
Symmetry,” arXiv:1512.01108 [astro-ph.CO].
[31] T. Fujita, R. Namba, Y. Tada, N. Takeda and H. Tashiro, “Consistent generation of magnetic
fields in axion inflation models,” JCAP 1505, no. 05, 054 (2015) [arXiv:1503.05802
[astro-ph.CO]].
[32] L. Campanelli, “Lorentz-violating inflationary magnetogenesis,” Eur. Phys. J. C 75, no. 6, 278
(2015) doi:10.1140/epjc/s10052-015-3510-x [arXiv:1503.07415 [gr-qc]]; L. Campanelli,
“Superhorizon magnetic fields,” arXiv:1512.08600 [astro-ph.CO].
[33] J. M. Salim, N. Souza, S. E. Perez Bergliaffa and T. Prokopec, “Creation of cosmological
magnetic fields in a bouncing cosmology,” JCAP 0704, 011 (2007)
doi:10.1088/1475-7516/2007/04/011 [astro-ph/0612281].
[34] F. A. Membiela, “Primordial magnetic fields from a non-singular bouncing cosmology,” Nucl.
Phys. B 885, 196 (2014) doi:10.1016/j.nuclphysb.2014.05.018 [arXiv:1312.2162 [astro-ph.CO]].
[35] L. Sriramkumar, K. Atmjeet and R. K. Jain, “Generation of scale invariant magnetic fields in
bouncing universes,” JCAP 1509, no. 09, 010 (2015) doi:10.1088/1475-7516/2015/09/010
[arXiv:1504.06853 [astro-ph.CO]].
– 30 –
[36] V. Demozzi, V. Mukhanov and H. Rubinstein, “Magnetic fields from inflation?,” JCAP 0908,
025 (2009) [arXiv:0907.1030 [astro-ph.CO]].
[37] N. Barnaby, R. Namba, M. Peloso, “Observable non-gaussianity from gauge field production in
slow roll inflation, and a challenging connection with magnetogenesis,” Phys. Rev. D 85,
123523 (2012) [arXiv:1202.1469 [astro-ph.CO]].
[38] T. Fujita and S. Yokoyama, “Higher order statistics of curvature perturbations in IFF model
and its Planck constraints,” JCAP 1309, 009 (2013) [arXiv:1306.2992 [astro-ph.CO]]
[39] T. Fujita and S. Yokoyama, “Critical constraint on inflationary magnetogenesis,” JCAP 1403,
013 (2014) [JCAP 1405, E02 (2014)] [arXiv:1402.0596 [astro-ph.CO]].
[40] R. J. Z. Ferreira, R. K. Jain and M. S. Sloth, “Inflationary Magnetogenesis without the Strong
Coupling Problem II: Constraints from CMB anisotropies and B-modes,” JCAP 1406, 053
(2014) [arXiv:1403.5516 [astro-ph.CO]].
[41] R. Z. Ferreira and M. S. Sloth, “Universal Constraints on Axions from Inflation,” JHEP 1412
(2014) 139 [arXiv:1409.5799 [hep-ph]].
[42] R. Z. Ferreira and J. Ganc, “Inflationary dynamics of kinetically-coupled gauge fields,” JCAP
1504, no. 04, 029 (2015) [arXiv:1411.5362 [astro-ph.CO]].
[43] B. A. Bassett, G. Pollifrone, S. Tsujikawa and F. Viniegra, “Preheating as cosmic magnetic
dynamo,” Phys. Rev. D 63, 103515 (2001) [astro-ph/0010628].
[44] E. W. Kolb and M. S. Turner, “The Early Universe,” Front. Phys. 69, 1 (1990).
– 31 –
